Emergence of exceptional points in two dimensions is one of the remarkable phenomena in nonHermitian systems. We here elucidate the impacts of symmetry on the non-Hermitian physics. Specifically, we analyze chiral symmetric correlated systems in equilibrium where the non-Hermitian phenomena are induced by the finite lifetime of quasi-particles. Intriguingly, our analysis reveals that the combination of symmetry and non-Hermiticity results in novel topological degeneracies of energy bands which we call symmetry-protected exceptional rings (SPERs). We observe the emergence of SPERs by analyzing a non-Hermitian Dirac Hamiltonian. Furthermore, by employing the dynamical mean-field theory, we demonstrate the emergence of SPERs in a correlated honeycomb lattice model whose single-particle spectrum is described by a non-Hermitian Dirac Hamiltonian. We uncover that the SPERs survive even beyond the non-Hermitian Dirac Hamiltonian, which is related to a zero-th Chern number.
Introduction.-In these decades, the topological perspective on condensed matter systems increases its importance [1] [2] [3] . One of the significant advances in this field is that the notion of topology for gapped systems is extended to gapless systems. A representative example is the Weyl fermion emerging in the bulk of TaAs [4, 5] which is topologically protected by a nontrivial change of the Chern numbers [6, 7] . These low energy states induce Fermi arcs at the surfaces of the materials, which results in a finite value of the Hall conductivity. Another important advance in this field is the discovery of topological properties protected by symmetry. Symmetry imposes constraints on wave functions, resulting in enriched topological properties protected by the symmetry. For instance, time-reversal symmetry protects the topology of the celebrated Z 2 topological insulators [8] [9] [10] realized in a quantum well of HgTe/CdTe [11] . Particle-hole symmetry protects the topology of superconductors whose gapless edge states play a crucial role in the emergence of Majorana fermions [12] [13] [14] [15] [16] [17] [18] . Such diversification of topological systems is quite ubiquitous. Symmetry also enriches the topological gapless excitations; the combination of time-reversal symmetry and spatial symmetry protects Z 2 topological semi-metals [19, 20] . Thanks to the combination of topology and symmetry, a variety of topological degeneracies of energy bands have been discovered so far.
Along with the above great success of topological phases, a new arena of condensed matter physics has been pioneered; systems described by non-Hermitian Hamiltonians have been realized in the presence of dissipation or under continuous observation, etc. [21] [22] [23] [24] [25] [26] [27] [28] . Furthermore, it turned out that even ordinary strongly correlated systems in equilibrium provide a platform of the non-Hermitian physics because of the lifetime of quasiparticles [29] . Namely, in general, the structure of the single-particle spectrum for the frequency ω and the momentum k is governed by the non-Hermitian effective
where the Hermitian matrix h(k) describes the one-body part of the Hamiltonian, and Σ(ω + iδ, k) denotes the self-energy with an infinitesimal positive constant δ. One of the remarkable properties for such non-Hermitian systems is the emergence of the novel topological degeneracy arising from non-Hermiticity of the effective Hamiltonian. At certain points of the Brillouin zone (BZ) the effective Hamiltonian becomes defective, inducing the degeneracy of the energy bands [30] [31] [32] . Interestingly, these points are accompanied by robust Fermi arcs in the bulk where the energy gap becomes pure imaginary [29, 33] .
The above discovery of the new topological degeneracy implies that non-Hermitian systems potentially host a variety of novel topological phenomena which cannot be observed for Hermitian systems [23, [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] .
In particular, with the above mentioned great success for Hermitian systems, one can easily expect that nonHermitian systems host a diversity of topological degeneracies in the presence of symmetry. The discovery of symmetry-protected topological degeneracies would pioneer a new direction of research in topological systems. Despite this significant issue, however, few studies have addressed exceptional points by taking into account symmetry, so far.
We here study impacts of symmetry on the topological degeneracies arising from non-Hermiticity. In particular, we analyze correlated systems with chiral symmetry from the non-Hermitian perspective. Remarkably, our analysis discovers novel topological degeneracies in two-dimensional systems which we call symmetryprotected exceptional rings (SPERs). Specifically, we uncover the emergence of SPERs based on the following results. For non-Hermitian Dirac models, we show that chiral symmetry for correlated systems protects the exceptional rings. By employing the dynamical meanfield theory [44] [45] [46] with the numerical renormalization group [47] [48] [49] (DMFT+NRG), we also demonstrate that a honeycomb lattice model with inhomogeneous Hubbard interactions hosts the SPERs. The single-particle spectrum of this model is essentially reduced to the nonHermitian Dirac Hamiltonian with 2 × 2 matrices. Furthermore, we show that the exceptional rings survive even beyond the Dirac models. This remarkable behavior is related to a zero-th Chern number.
Extended chiral symmetry arising from symmetry of the many-body Hamiltonian.-We first discuss a constraint on the non-Hermitian effective Hamiltonian imposed by the chiral symmetry for many-body systems. Consider a correlated system with chiral symmetry. Then, the many-body HamiltonianĤ satisfieŝ U
which we call extended chiral symmetry. In the following, we show that the extended chiral symmetry protects the exceptional rings appearing in the single-particle spectrum. As a first step, we clarify the emergence of SPERs for non-Hermitian Dirac Hamiltonians. Generic argument of non-Hermitian Dirac models.-Here, we discuss a generic non-Hermitian Dirac Hamiltonian with extended chiral symmetry in two dimensions. We suppose that the effective Hamiltonian H ef f (0, k) can be expanded by basis elements of Clifford algebra
, γ's correspond to the Pauli (Dirac) matrices, respectively. As discussed later, the SPERs are robust even beyond Dirac models.
Let us start with the case where no symmetry is imposed on the non-Hermitian effective Hamiltonian. In this case, the effective Hamiltonian is expanded as
with b α and d α (α = 0, · · · , 2l − 1) taking real numbers. Here summation is assumed over repeated indices α = 0, 1, · · · , 2l − 1. γ 0 is the identity operator. We note
respectively. Here, we have assumed summation over µ = 1, · · · 2l − 1. Thus, eigenvalues of the above Hamiltonian are written as
An exceptional point emerges at k 0 in the BZ satisfying the following two conditions:
which can be seen as follows. In a proper basis, the effective Hamiltonian can be rewritten as
where 1l denotes the identity matrix, A is a Hermitian matrix, and σ's denote the Pauli matrices. One can easily see that the effective Hamiltonian H ef f (0, k 0 ) cannot be diagonalized with any unitary matrix. Now, let us show how the extended chiral symmetry protects the exceptional rings in two dimensions. By choosing γ 2l−1 as the chiral matrix, we can see that the following parameters vanish due to extended chiral symmetry (1):
Thus, the second condition of Eq. (3) is satisfied automatically by the symmetry, which is a key ingredient for SPERs. The first condition is satisfied in the region where the energy band b(k) for the Hermitian Dirac Hamiltonian intersects another manifold described by the continuous function |d 2l−1 (k)|. Noticing that each of them forms a two-dimensional manifold parameterized by the two-dimensional BZ, we can conclude that SPERs are allowed as closed one-dimensional manifolds for the non-Hermitian Dirac Hamiltonian in the presence of extended chiral symmetry. We note that the SPERs in the two-dimensional BZ cannot be characterized by the vorticity introduced in Ref. 31 . This is because the computation of the vorticity requires a closed path surrounding the exceptional points, while there is no such a path in the two-dimensional BZ in the case of SPERs. It is also worth to note that the above argument can be extended to three-dimensional systems. In such systems, the extended chiral symmetry results in exceptional spheres which are closed two-dimensional manifolds in the BZ.
In the above, we have seen the emergence of SPERs when the non-Hermitian effective Hamiltonian can be expanded in basis elements of Clifford algebra. In the following, we demonstrate the emergence of SPERs for a Hubbard model whose single-particle spectrum is described by the above non-Hermitian Dirac Hamiltonian with l = 2.
SPERs in a correlated honeycomb lattice.
-Here, we demonstrate the emergence of SPERs in two dimensions by applying DMFT+NRG to the following honeycomb lattice model with inhomogeneous Hubbard interactions;
whereĉ † isσ creates a fermion in the spin-state σ =↑, ↓ at sublattice s = A, B of site i.n is =ĉ † isσĉ isσ . The first term of the above Hamiltonian describes the hopping of the fermions between neighboring sites; its amplitude t is,js ′ takes t ∈ R for the direction of a 1 or a 2 , while it takes rt with r ∈ R for the direction of a 3 (see Fig. 1 ). The second term describes inhomogeneous Hubbard interactions with U s ∈ R. This model is considered to be fabricated for cold atoms. We note that the honeycomb lattice model has already been realized for cold atoms [53] . The inhomogeneous Hubbard interactions are considered to be introduced by employing the optical Feshbach resonance [54, 55] .
Before presenting the DMFT results, we discuss the symmetry of this model and show that the effective Hamiltonian corresponds to the non-Hermitian Dirac Hamiltonian with l = 2 discussed above. For twosublattice models, the second quantized chiral operator is given bŷ
where sgn(s) takes 1 and −1 for s = A and s = B, respectively [50, 51, [56] [57] [58] . We noteÛ 2 Γ = 1 holds. Since our model preserves the z-component of the total spin, the effective Hamiltonian H ef f (0, k) is expanded by the Pauli matrices τ 's as follows:
, which are given by [59] 
Here, the Pauli matrices τ 's act on the sublattice space. We note that the chiral matrix is written as U Γ = τ 3 . As shown above, the single-particle spectrum of this model is governed by the non-Hermitian Dirac Hamiltonian with l = 2. Now, we analyze the above model with inhomogeneous Hubbard interactions by applying the DMFT+NRG [44] [45] [46] [47] [48] [49] which treats local correlations exactly. In order to treat inhomogeneity with the DMFT framework, we employ the sublattice method [46, 60, 61] . We first note that this model shows a first order Mott transition for U Ac ∼ 11.5t at T = 0.05t. Here, we set U B = U A /2.
Emergence of the SPERs can be observed in the region where the interaction strength is weaker than the critical value of the Mott transition. In Fig. 2 , the momentum-resolved spectral weight is plotted for several values of temperature at (U A , U B ) = (10t, 5t). The BZ is illustrated by the white hexagon in this figure. For T = 0.2t, we can observe the SPERs indicated by green lines around corners of the BZ [see Fig. 2(a) ], meaning that Dirac cones change into exceptional rings due to the imaginary part of the self-energy. Increasing temperature enhances the imaginary part of the self-energy. Correspondingly, the SPERs become large. Interestingly, we can observe Fermi planes accompanying the SPERs because the energy gap of the H ef f (0, k) is pure imaginary in the region of the BZ enclosed by SPERs [see Fig. 2(b) ]. With further increasing temperature, SPERs emerging from two distinct Dirac cones finally merge and change into a single exceptional ring [see Fig. 2(c) ]. We note that the presence of Dirac cones for the non-interacting case is not a necessary condition; even in the case for r = 2.2 where the Dirac cones are gapped, we can still find the emergence of SPERs [see Fig. 2(d) ].
In the above, we have demonstrated the emergence of SPERs with extended chiral symmetry in the honeycomb lattice model where the single-particle spectrum is governed by the non-Hermitian Dirac Hamiltonian with l = 2. In addition, we have numerically observed that Fermi planes accompanying SPERs enhance the specific heat as discussed in Sec. S2 of the supplemental material [52] . We note that the appearance of Fermi planes would serve as a signal of SPERs in cold atom experiments. The measurement of the single-particle spectrum has already been carried out in the context of the pseudogap for fermionic cold atoms [62, 63] .
Robustness of SPERs beyond Dirac Hamiltonians.-So far, we have seen the emergence of SPERs when the nonHermitian effective Hamiltonian is reduced to the Dirac Hamiltonian. Intriguingly, the SPERs with extended chiral symmetry survive even beyond the Dirac Hamiltonian, which is related to a zero-th Chern number.
In order to see the robustness, we first show that a Chern number can be introduced for the following traceless Hamiltonian
This matrix also satisfies the extended chiral symmetry because the relation trH ef f (0, k) ∈ iR holds. Here, we expand the Hilbert space and define the following Hermitian HamiltonianH(k) [40] :
H(k) anti-commutes with the following two matrices: Γ = U Γ ⊗ ρ 1 andΣ = 1l ⊗ ρ 3 , where the Pauli matrices ρ's act on the expanded Hilbert space. In other words, the Hermitian matrixH(k) satisfies the chiral symmetry both forΓ andΣ. Thus, we can block-diagonalize the HamiltonianH with plus and minus sectors of M := iΣΓ (M 2 = 1l). Noticing the relations {M,Σ} = {M,Γ} = 0, we can see that the chiral symmetry is not closed for each subsector of the Hilbert space, meaning that the block-diagonalized Hamiltonian for the plus (minus) sectorH +(−) belongs to the symmetry class A (no symmetry). Therefore, one can define the zero-th Chern number which corresponds to the number of occupied states ofH + (k) at a given point in the BZ. We note that detH ′ (k) vanishes between points in the BZ where the zero-th Chern number takes distinct values. This is because detH vanishes if and only if detH ′ = 0. Since the BZ is two-dimensional, points satisfying detH ′ (k) = 0 form rings. Therefore, we end up with the following two scenarios when the zero-th Chern number changes in the BZ. One of them is that exceptional points simply survive even beyond the Dirac Hamiltonian. The other is that the Hamiltonian H ′ (k) becomes diagonalizable and take two eigenstates with zero eigenvalue. In that case, SPERs become open strings.
Now, we numerically demonstrate the robustness of the SPERs beyond Dirac Hamiltonian for dim H = 4 by taking the following Hamiltonian as an example.
where b 1 and b 2 are defined in Eq. (7). Here V and d 3 are real constants. The above non-Hermitian Hamiltonian satisfies Eq. (1) with U Γ = τ 3 σ 3 . SPERs and the zero-th Chern number are plotted in Fig. 3 . The energy bands are plotted in Sec. S3 of the supplemental material [52] . For V = 0 the problem is reduced to the case of 2 × 2 matrices which we have discussed previously. Correspondingly, each band is doubly degenerate. In this case, the zero-th Chen number for the 4 × 4 Hamiltonian takes −2 or 0 [see Fig. 3(a) ]. At the boundary the SPERs illustrated by black lines appear. Turning on V , lifts the degeneracy of each band, and the zero-th Chern number takes −2, −1, or 0 [see Fig. 3(b) ]. Even in this case, we can observe exceptional rings illustrated by black lines, demonstrating that robustness of SPERs is related by the zero-th Chern number.
Summary.-In order to elucidate the impacts of symmetry on exceptional points, we have analyzed the strongly correlated systems with chrial symmetry in equilibrium. Intriguingly, we have revealed the emergence of the novel topological degeneracies, the SPERs, which provides a new direction for analysis of exceptional points. Specifically, we have discovered the SPER based on the following results. By focusing on the nonHermitian Dirac Hamiltonian, we have uncovered that extended chiral symmetry (1) results in the SPERs in the two-dimensional BZ. Notably, the SPER in two dimensions is beyond the characterization of exceptional points with vorticity. In addition, by applying the DMFT+NRG, the emergence of SPERs has been demonstrated for the correlated honeycomb lattice. The SPERs in the honeycomb lattice are considered to be observed for cold atoms. Intriguingly, SPERs are robust even beyond the Dirac model; SPER emerges in the region of the BZ where the zero-th Chern number changes.
We finish this letter with a comment on the following open issue to be addressed: extending the symmetry protection of non-Hermitian topological degeneracies to other symmetry classes of the ten-fold way [64] [65] [66] . Namely, the classification of topological insulators/superconductors has revealed that timereversal, particle-hole, and chiral symmetry serve as primitive local symmetry protecting the topology of insulators/superconductors. Therefore, it is natural to expect that systems with time-reversal/particle-hole symmetry host new symmetry-protected topological degeneracies. We leave this question as our future work to be addressed.
Note added.-While finising this paper, we noticed the paper [67] appeared on arXiv which has some overlap with our results.
Acknowledgements where |N and |M denote eigenstates of the many-body Hamiltonian. In a similar way, we have the relations:
(S12)
Thus, we have
which results in Eq. (S6). Now, we see another relation between G A and G R . For the Hermitian Hamiltonian, the following relations hold:
with z ∈ C. Here, G ab (z) is defined as
with e β(Ω) := N e −βEN and the eigenenergy E N for the many-body Hamiltonian (E N ∈ R). In particular, for z = ω + iδ, Eq. (S17) indicates that
Eq. (S14) can be seen with the following straightforward calculation:
Combining Eqs. (S6) and (S14) yields Eq. (S6). Therefore, we obtain the relation (S3).
S2. ENHANCEMENT OF THE SPECIFIC HEAT DUE TO FERMI PLANES
We here show that the Fermi planes accompanying the SPERs enhance the specific heat which is computed by the relation C = d Ĥ /dT . In Fig. S1 , the specific heat is plotted as a functions of the temperature, which is shown 0) ], respectively. The blue line is obtained by setting ImΣA = ImΣB = Im(ΣA + ΣB)/2 so that d3 becomes zero. In the case of (UA, UB) = (10t, 0), we could not compute the specific heat accurately for T > 0.4t.
as a red line. For a comparison, we also plot the specific heat by supposing that both for A and B sublattices, the imaginary part of the self-energy takes the average value Im[Σ A (ω + iδ) + Σ B (ω + iδ)]/2, which is shown as a blue line. In this figure, one can see that the specific heat (read line) is enhanced, compare to the one shown as a blue line both for U A = 5t and U A = 10t.
